We determine the non-perturbative corrections to the gauge coupling constant and the topological charge in the Yang Mills theory. The method makes no explicit use of instanton calculations but instead relies on boundary properties of the quantum partition function. The approach may offer important clues regarding the behavior of the coupling constant and the theta angle for other gauge theories like QCD and supersymmetric QCD. †
I. INTRODUCTION
The effective Lagrangian for a gauge theory is characterized by both perturbative and non-perturbative contributions. Peturbative corrections by themselves are easier to find because they are based on repetitive physical and mathematical algorithms. For the non-perturbative terms one needs to calculate the various instanton contributions. Important results regarding the effective action for supersymmetric QCD theories were obtained in [1] , [2] . In [3] the non-perturbative beta function of the supersymmetric N = 2 gauge theories was estimated. For Yang Mills and QCD like theories the non-perturbative beta functions were calculated through instanton terms. In [4] the non-perturbative contribution to the Yang Mills beta function of the coupling constant was determined. Later on in [5] both nonperturbative contributions to the beta function of the coupling constant and that of the topological charge were reobtained in good agreement with the previous results. These are:
Here D(µ) is a power function of µ, g 2 (µ) is the coupling constant at scale µ and g 2 (µ ′ ) is the coupling constant at scale µ ′ . Furthermore b 0 is the first order of the perturbative gauge coupling beta function. The non-perturbative beta functions in QCD were also calculated in [6] with results that differ slightly from those in [5] .
In this paper we will determine the non-perturbative contribution to the gauge coupling constant and the topological charge in a novel method in which instanton transitions are taken into account without computing explicitly any instanton but by estimating them from the boundary behavior of the unitary operators that appear in a quantum calculations. We will show that this kind of procedure which is clean and straightforward can replace with success the more intricate and messy instanton calculations.
Section II contains the set-up and the general method. Section III includes explicit calculations of the nonperturbative contributions to the beta functions of the gauge coupling constant and that of the theta vacuum. The last section is dedicated to the conclusions.
II. THE SET-UP
We start with the Yang Mills Lagrangian in the presence of a θ term.
whereF aµν = 1 2 ǫ µνρσ F a ρσ . We observe that one can write:
provided that:
Then X µναβ may be regarded a general rank four tensor which may be space time dependent. Let us consider the following change in this tensor:
where α is an infinitesimal parameter. The Lagrangian in Eq. (3) will then be modified (with the condition in Eq. (4)) to:
Note that the main effect is the transformation of the gauge tensor into its dual. Consider the effective Lagrangian L(µ [5] obtained by integrating our the perturbative fluctuations with momenta p 2 > µ 2 and over instantons with a size ρ < 1 µ :
The effective action at scale µ ′ < µ is obtained by integrating out the fluctuations between µ and µ ′ . Therefore:
where B a ν are the fields with momenta between 0 and µ ′ and A a µ are the fluctuations with momenta in the range [µ ′ , µ]. Thus F a µν in the first line of Eq. (8) is expressed entirely in terms of B a µ . One can write:
where the tensor X µναβ is introduced in L(µ) according to the same prescription as in Eq. (3). Then an infinitesimal change in X µναβ as in (5) should not affect the integral. Accordingly,
The variation proportional to α in the second line of Eq. (10) can come form three sources: the exponential of the action, the delta function and the jacobian of the variable of integration. Let us first discuss the contribution from the jacobian:
It is clear that the jacobian brings no contribution proportional to the small parameter α. The next step is to consider the contribution of the delta function:
Introduced in the partition function Eq. (12) leads to:
where in the last line all delta functions were integrated except that remaining in the trace. The last contribution is that coming form the exponential of the action:
Here we used Eq. (6) for the variation of the Lagrangian with respect to α. Note also that the gauge tensor depend on both B a µ with momenta smaller than µ ′ and A a µ with momenta between µ ′ and µ. We start with the expression in Eq. (14):
Here the exponent in all the lines of the equation is just given by the expression in Eq.(7). A derivative with finite limits of integration affects both the integrand and the limits of integration. Let us rewrite in interaction picture the effective actions we are dealing with to have a clearer picture.
where U is the unitary evolution operator. Practically in the last line of Eq. (16) we have a derivative applied to 0|U (−T, µ)|0 . Let us write:
Then,
so the derivative of the integrand is the full derivative of the integral minus the derivatives applied to the limits of integration. Knowing that:
one can write,
Here we took into account the order in the limits of integration and L 1 (µ) = −L(µ).
Finally introducing the results of Eq, (20) into Eq. (19) one obtains:
Furthermore,
equation which is obtained by applying the operator L 1 (µ) or equivalently the corresponding hamiltonian of interaction to the right state. Retrieving the initial operators an taking into account that,
leads to (Here z is a constant related to the normalization of the partition function):
Note that on the third line there is no exponential and the tensor fields are expressed only in terms of B as they stem from the lagrangian at the scale µ ′ . Furthermore we observe that,
which further leads to:
We proceed further to calculate and simplify Eq. (27) to obtain:
Here we used the notations: g 2 (µ) = g 2 , g 2 (µ ′ ) = g ′2 ,F aµν (B)F a µν (B) = FF and F aµν (B)F a µν (B) = F F In the background of an instanton with winding number n = 1 and by integrating the full equation in (28) one obtains:
We will first solve the equation with a few simplifying assumptions. One is to consider that the perturbative beta function runs at one loop, the second is to neglect non-perturbative corrections to the instanton in the exponential. Then one finds:
Here the one loop perturbative beta function of the Yang-Mills theory is:
Next we will find a general solution to Eq. (29). We denote:
where f contains both perturbative and non-perturbative corrections. Then Eq. (29) simplifies to:
This may be rewritten as:
where F = exp[f ]. The general solution is then:
which further leads to (Here c is a constant of integration):
Using Eq. (32) and by expanding the logarithm in Eq. (36) one arrives to the final result:
By setting ln[c] = [ µ ′ µ ] β0 one retrieves the first order result in Eq. (31).
IV. CONCLUSIONS
Although we started from Yang-Mills theories the results in Eqs.(31) and (37) are in complete agreement with the results for the holomorphic coupling constant of supersymmetric QCD [1] , [2] obtained through a completely different method. The results are also very similar to previous determinations of the non-perturbative beta functions for Yang-Mills theories as given in Eq. (1). The main difference is the absence of the logarithmic factor in front of the non-perturbative term. But this may be easily accounted for by the constant z which is connected to the exact normalization of the partition function.
We considered the n = 1 instanton background but the beta function contains infinite instanton contributions with coefficients in front that are related to one another in a simple way. Thus our result may represent a significant advance in disentangling the non-perturbative contributions for any gauge theory.
